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Variation of the speed of light is quite a debated issue in cosmology with some benefits, but also
with some controversial concerns. Many approaches to develop a consistent varying speed of light
(VSL) theory have been developed recently. Although a lot of theoretical debate has sprout out
about their feasibility and reliability, the most obvious and straightforward way to discriminate and
check if such theories are really workable has been missed out or not fully employed. What is meant
here is the comparison of these theories with observational data in a fully comprehensive way. In this
paper we try to address this point i.e., by using the most updated cosmological probes, we test three
different candidates for a VSL theory (Barrow & Magueijo, Avelino & Martins, and Moffat) signal.
We consider many different ansa¨tze for both the functional form of c(z) (which cannot be fixed by
theoretical motivations) and for the dark energy dynamics, in order to have a clear global picture
from which we extract the results. We compare these results using a reliable statistical tool such as
the Bayesian Evidence. We find that the present cosmological data is perfectly compatible with any
of these VSL scenarios, but in one case (Moffat model) we have a higher Bayesian Evidence ratio in
favour of VSL than in the standard c = constant ΛCDM scenario. Moreover, in such a scenario, the
VSL signal can help to strengthen constraints on the spatial curvature (with indication toward an
open universe), to clarify some properties of dark energy (exclusion of a cosmological constant at 2σ
level) and is also falsifiable in the nearest future due to some peculiar issues which differentiate this
model from the standard model. Finally, we have applied some priors which come from cosmology
and, in particular, from information theory and gravitational thermodynamics. They put stronger
constraints on the models under consideration, though still in favour of two of the Moffat’s proposals.
PACS numbers: 98.80 − k, 98.80.Es, 98.80.Cq, 04.50.Kd
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I. INTRODUCTION
Varying (or dynamical) constants theories have be-
come well established alternative theories of gravity. Be-
ginning with the works of Weyl [1], Eddington [2], and
especially Dirac [3], the first fully quantitative framework
for such kind of a theory - varying gravitational constant
G theory - was set by Brans and Dicke [4]. In such a
theory G, which is a dimensional constant, was related
to an average gravitational potential (scalar field) sur-
rounding a given particle in the universe. It emerged
contemporary that this G-dynamical theory became the
key support for the low-energy-effective superstring com-
mon sector action [5], where the string coupling constant
changes and the scalar field related to such a change be-
came one of the superstring particle - the dilaton.
Despite the two canons of special relativity - the rel-
ativity principle and, in particular, the light principle -
the theories of dynamical speed of light have already been
considered by Einstein himself [6], followed by Dicke [7],
Petit [8], and Moffat [9, 10]. These were followed by
the VSL theories of Albrecht and Magueijo [11, 12] in
which Lorentz invariance is broken (relativity principle
and light principle) so that there is a preferred frame in
which the field is minimally coupled to gravity. Then,
the geometrical tensors are computed in such a frame
and no additional (boundary) terms appear in this frame
(though they do in other frames) and the form of Einstein
equations remains the same. There were also other pro-
posals, e.g. Magueijo covariant (conformally) and locally
invariant theory [13] which had as limits both minimal
VSL theory and Brans-Dicke theory. Avelino and Mar-
tins [14, 15] have then considered a small modification of
the theory by Albrecht and Magueijo, and very recently
Moffat proposed the dynamical c theory with an extra
vector field driving spontaneous violation of Lorentz in-
variance [16].
Different examples of VSL theories (though with c ba-
sically depending on energy rather than time) can be
considered within the framework of the so-called rain-
bow gravity theories which are based on the modified
dispersion relations which deform Lorentz group to in-
clude Planck energy as a second invariant (Doubly Spe-
cial Relativity - DSR) [17].
The main objections to dynamical speed of light theo-
ries are that they refer to a dimensional constant rather
than to a dimensionless one [18], and that the speed
of light enters many apparently different physical the-
ories (relativity, electrodynamics, field theory) and so
any change in one of them should be consistent with all
of them [19]. In this paper we will not be going into
the discussion of these fundamentals (though appreciat-
ing them), trying instead to make some observational
insight into the matter which we think is reasonable on
the ground of physics which is an experimental science.
The discussion about the dimensionality of c problem
2also refers to the dimensionality of G, which is rarely
objected by physicists dealing with Brans-Dicke type of
theories. We stay on a side that even if considering di-
mensional c, its dynamics can always be related to a di-
mensionless quantity such as the fine structure constant
and so may become fully acceptable. As it is well-known,
varying fine structure constant theories have been stud-
ied intensively both in the theory [20] and in observations
[21] among last two decades and apparently they started
from the Bekenstein theory of varying electron charge
e model [22] which seems to be on the same footing as
varying speed of light models due to the definition of the
fine structure constant α = e2/~c, where ~ is the Planck
constant.
Thus, we are of course aware that there is a large de-
bate about the benefit to study and develop VSL theo-
ries, i.e. based on the variation of dimensional physical
constants. Here, we want to make clear our position and
explain why we think that studies like the one performed
in this work still have some importance.
We think one should consider separately the theoretical
study and the effective possibility to test VSL theories.
Even assuming that the only meaningful theories possible
are those of dimensionless quantities, we need to stress
out that theories involving the variation of the speed of
light can indeed be made dimensionless. In fact, in some
recent works [23, 24], we have already focused on varying
speed of light (VSL) theories, and have shown that they
can leave a signature in the cosmological background (in
particular, in the galaxy distribution) which can be mea-
sured through the quantity DA(z)H(z)/c0, where DA is
the angular diameter distance, H is the cosmological ex-
pansion rate, and c0 is the speed of light measured here
and now. In particular, the evaluation of such a quantity
at the maximum redshift, defined as the redshift where
DA reaches its maximum, is a strong discriminant: it
would be equal to one only in the case of constant speed
of light while, if there was any variation, it would be dif-
ferent from one. Some other observational tests for VSL
cosmologies have also been suggested [25, 26]. In those
previous works, we have not questioned about the phys-
ical mechanism (and, thus, the theoretical background)
behind a VSL signal; we have simply assumed that there
is one, and we have tried to find out the way to detect
it. In this work we focus on a different subject: among
many VSL theories/approaches, we want to analyse if
there is a (statistical) hierarchy, i.e. if some approach
is more or less compatible with observational data; if it
is more or less probable (by means of some statistical
tools) than a “classical” constant speed of light scenario.
If such theories are falsifiable through measurements of
dimensionless quantities, then, it would be a second step;
and we will discuss further if this is possible.
The paper is organized as follows. In Sec. II we give
the most important and general details about the VSL
theories we analyse; in Sec. III we describe the present
observational status we use to constrain our models. In
Sec. IV we discuss statistical tools and priors applied to
VSL models while in Sec. V we show all the main results
from our statistical analysis. Finally, in Sec. VI we put
all the main conclusions we can derive from our work.
II. MODELS
In this section we discuss different VSL approaches.
We describe the main properties of them while for fur-
ther details, the interested reader is referred to the sug-
gested bibliography. In analogy with standard notation,
we introduce and define the following quantities
Hc(t) ≡ c˙(t)
c(t)
qc(t) ≡ − c¨(t)c(t)
c˙2(t)
, (1)
which can be understood as the kind of analogy to the
Hubble parameter and the deceleration parameter for the
varying speed of light dynamics.
A. Barrow & Magueijo (BM) model
One of the first approaches to a reliable VSL was intro-
duced and explored in a series of papers, [11–13, 27–30];
we will call it BM approach. In a VSL theory, Lorentz in-
variance is broken and we have a preferred frame for the
formulation of the physical laws. In such a frame, the
speed of light is promoted to a field, Φ(x) = c4(x), with
a time variation included. Then, such a field is assumed
to be minimally-coupled to gravity, with the action given
by
S =
∫
d4x
[√−g(Φ(R+ 2Λ)
16piG
+ LM
)
+ LΦ
]
, (2)
where: g is the determinant of the metric gµν ; R is the
Ricci scalar; LM is the Lagrangian of any considered mat-
ter component; LΦ is the Lagrangian of the field Φ and
does not contain any metric contribution, in order to have
a minimal coupling; G is the universal gravitational con-
stant (which we assume here to be constant, while in [28]
it is not); and Λ is the cosmological constant (we intro-
duce it here as in the original papers we are referring to,
but we will consider a more general dark energy fluid in
our analysis, not only a cosmological constant). Vary-
ing the action in the preferred frame, one finds [12] that
the Einstein’s equations stay unchanged with respect to
the classical c-constant case. Assuming the universe is
homogeneous and isotropic, we end with the following
Friedmann and acceleration equations,
H2(t) =
8piG
3
ρ(t)− k c
2(t)
a2(t)
, (3)
a¨(t)
a(t)
= −4piG
3
(
ρ(t) + 3
p(t)
c2(t)
)
, (4)
3where ρ(t) stands for the total matter budget in the uni-
verse and k = 0,±1 for the spatial curvature. The in-
teresting point is that, when they are combined in order
to obtain the continuity equation, the presence of a time
varying c(t) leads to
ρ˙(t) + 3H(t)
(
ρ(t) +
p(t)
c2(t)
)
=
3k c2(t)
4piGa2(t)
Hc(t) , (5)
with a new term on the right hand side which is, in gen-
eral, different from zero and brings, as expected, a viola-
tion of energy conservation. It is interesting to note that
such term is related to both VSL and spatial curvature,
with a possible degeneracy between them. Moreover, in
a spatially flat universe, with k = 0, we would have no
way to determine if the speed of light c is varying or not,
because neither the fluid behaviour (through the conti-
nuity equation), nor the background dynamics (through
the first Friedmann equation) would retain any possible
signature to discriminate between a VSL signal and a
constant speed of light.
B. Avelino & Martins (AM) model
The first generalisation to the previous approach was
given in [14, 15]. The authors assumed arbitrary varia-
tions of the speed of light, not restricted to the minimal
coupling, thus leaving open the possibility for the VSL
to contribute curvature corrections. This model will be
called AM approach. In this case, the Friedmann and
acceleration equations are
H2(t) =
8piG
3
ρ(t)− k c
2(t)
a2(t)
, (6)
a¨(t)
a(t)
= −4piG
3
(
ρ(t) + 3
p(t)
c2(t)
)
+H(t)Hc(t) . (7)
Combining them, we obtain the continuity equation
ρ˙(t) + 3H(t)
(
ρ(t) +
p(t)
c2(t)
)
= 2ρ(t)Hc(t) . (8)
The main difference with the previous section is that a
violation of the energy conservation is not directly related
to the spatial curvature, e.g., the influence of the VSL
theory is geometrically independent and represented by
the last term on the right-hand side of Eq. (8).
C. Moffat model
The very first attempt to build a consistent VSL theory
was given in [9, 10] and then elaborated in [31–34]. Here,
we will consider the most recent update from the same
author, as discussed in [16], and called Moffat approach
here. With respect to previous approaches, this latter
model is much more complex, with many more ingredi-
ents and degrees of freedom. In some way, it might be
considered as a more complete and general way in which
a VSL might be introduced. In this model, the general
action is made of up to four terms,
S = SG + Sψ + Sφ + SM , (9)
where: SG is the usual gravitational action, with the
speed of light promoted to a field, Φ(x) = c4(x), and no
minimal coupling requirement is assumed,
SG =
1
16piG
∫
d4x
√−g
[
Φ(R + 2Λ)− κ
Φ
∂σΦ∂σΦ
]
,
(10)
with κ a dimensionless constant. Sψ is the action repre-
senting the dynamics of a vector field ψµ driving a spon-
taneous violation of SO(3, 1) Lorentz invariance, and is
given by
Sψ =
∫
d4x
√−g
[
−1
4
BµνBµν −W (ψµ)
]
, (11)
with Bµν = ∂µψν − ∂νψµ, and W a potential; Sφ is the
action of a dimensionless scalar field φ, minimally coupled
to gravity, and which should be responsible for quantum
primordial fluctuations,
Sφ =
c40
16piG
∫
d4x
√−g
[
1
2
(∂µφ∂
µφ)− V (φ)
]
, (12)
with V a potential; SM is the matter fields action, and c0
the value of the speed of light today. Assuming isotropy
and homogeneity, and dropping fields ψ and φ as appro-
priate only to the very early stage of the universe expan-
sion [35], we end up with the following Friedmann and
acceleration equations:
H2(t) =
8piG
3
ρ(t)− k c
2(t)
a2(t)
− 4H(t)Hc(t) + 8κ
3
H2c (t) ,
(13)
a¨(t)
a(t)
= −4piG
3
(
ρ(t) + 3
p(t)
c2(t)
)
− 2H(t)Hc(t)
− 2
(
3 +
8κ
3
− qc
)
H2c (t). (14)
Combining these two equations we find a modified con-
tinuity equation which looks as
ρ˙(t) = −3H(t)
(
ρ(t) +
p(t)
c2(t)
)
− 2Hc(t)
(
ρ(t) + 3
p(t)
c2(t)
)
+
3kc2(t)
4piGa2(t)
Hc(t) +
4
4piG
(3 + 2κ)H2c (t) (15)
× {Hc(t) [qc(t)− 3]− 3H(t)} .
If we take into account the equation of motion for the
field Φ, i.e.
∇α∇αΦ = 8piG
3 + 2κ
T (16)
4where T is the trace of the energy-momentum tensor, and
which can be found to be explicitly equivalent to
4H2c (t) [qc(t)− 3]− 12H(t)Hc(t) =
8piG
3 + 2κ
(
ρ+ 3
p(t)
c2(t)
)
(17)
then the continuity equation reduces to
ρ˙(t) + 3H(t)
[
ρ(t) +
p(t)
c2(t)
]
=
3kc2(t)
4piGa2(t)
Hc(t) . (18)
Thus, in a theoretical context where the VSL is prop-
erly considered as a field, we reach the same continuity
equation from BM, but a Friedmann equation which is
different from both BM and AM approaches. It is worth
mentioning that the action (10) is a special case of a gen-
eral scalar-tensor action of the form [36]
SΨ =
1
16piG
∫
d4x
√−g [F (Ψ)R− Z(Ψ)∂σΨ∂σΨ− 2U(Ψ)] ,
(19)
with an appropriate choice of the functions F (Ψ) and
Z(Ψ) (see also [19]).
D. VSL and DE ansa¨tze
In order to apply the previous equations to cosmolog-
ical data, we need some further elements to be specified.
First of all, in all continuity equations we have to spec-
ify the equation of state (EoS) for all matter and energy
fluids involved in the dynamics of the universe. Given
the pressure as p(t) = w(t)ρ(t)c2(t), with w(t) the EoS
parameter, we will consider the following components in
the cosmological fluid:
• wm = 0, for pressureless non-relativistic matter
(both baryonic and dark matter);
• wr = 1/3, for radiation (photons);
• wDE = −1, for the cosmological constant case,
when considering non-dynamical dark energy;
• wDE = w0+w1 (1− a), the well known Chevallier-
Polarski-Linder (CPL) model [37, 38], mostly used
as reference model for dynamical dark energy mod-
els.
Moreover, we further need to specify the c(t) functions;
we have considered three different ansa¨tze, i.e.
• c(a) = c0 an or Hc = nH (named “c-cl” in tables),
the classical and most general ansatz used, for ex-
ample, in [28];
• c(a) = c0
[
1 +
(
a
ac
)n]
(named “c-Mag” in tables),
proposed in [13] and here applied for the first time
to cosmological data. It describes a transition from
some c 6= c0 to c0 at some epoch ac; how fast will
be the transition will be ruled by the parameter n;
• c(a) = c0 [1 + n (1− a)] (named “c-CPL” in ta-
bles), a linear (in scale factor) VSL a`-la CPL.
In order to calculate cosmological distances through the
explicit expression of H(t) (or H(a), with a the cosmo-
logical scale factor) we need the Friedmann equation, and
H(t) will have to contain the explicit time-behaviour ex-
pression for matter, radiation and dark energy fluids,
which can be derived solving the continuity equations.
In the BM approach, we have already discussed how the
energy violation is intrinsically related to the value of the
spatial curvature; as we are going to consider the most
general case of k 6= 0, we can have non-trivial solutions
to the continuity equation. We note that the right hand
side of Eqs. (5) and (18) are not dependent explicitly on
the density. Thus, we can assume that fluids evolve sep-
arately (i.e. there is no interaction among them), and we
can write Eq. (5) as:
ρ′i(a) +
3
a
[1 + wi(a)] ρi(a) = 0 (20)
for matter and radation (labeled by index “i”), and as
ρ′DE(a) +
3
a
[1 + wDE(a)] ρDE(a) =
3k c2(a)
4piGa2
c′(a)
c(a)
(21)
for dark energy (DE). We have also made use of the re-
lation a˙ = da/dt in order to change the time derivatives
(dots) with scale factor ones (primes); in this way, by
solving the differential equation, we can express densities
directly as functions of the scale factor. Then, in the BM
and Moffat approaches, we are implicitly assuming that
matter and radiation behave in a “classical” way, while
the VSL signal is mainly influencing (and can contribute
to) the dark energy fluid. Actually, to uncover how much
the DE amount and trend will be changed (in a signifi-
cant or not observationally detectable way) by the VSL
assumption is another purpose of this work. Finally, it
may be worth to note down that even in the case of a
cosmological constant, i.e. wDE = −1, we will not have
a constant DE fluid but, instead, a “dynamical” cosmo-
logical constant, due to the k-c′ term.
In the AM approach, things are different: the VSL
influence does not strictly depend on geometry, being
always present. And it affects the continuity equation
through a term which is proportional to the density.
Thus, in this case, even matter and radiation will result
to have a different dynamical behaviour with respect to
the classical scenario,
ρ′i(a) +
3
a
[1 + wi(a)] ρi(a) = 2ρi(a)
c′(a)
c(a)
. (22)
The good point of these approaches is that, given the
way their continuity equations are expressed, we can
solve them analytically in most cases (only when using a
CPL DE model we might have to solve them numerically
for some c(z)-ansa¨tze), and express densities directly as
functions of scale factor (or redshift), which turns out to
5be vital for the application to cosmological data. Some
basic results were also given in the seminal works, here
we have extended them to a more general records of VSL
forms.
III. DATA
The analysis has involved the largest updated set of
cosmological data available so far, and includes: expan-
sion rate data from early-type galaxies; Type Ia Super-
novae; Baryon Acoustic Oscillations; Cosmic Microwave
Background; and a prior on the Hubble constant param-
eter, H0. For the sake of consistency, in next subsections
all the cosmological distances involved in our analysis will
be expressed in the case of null spatial curvature, i.e. for
Ωk = 0. But in our analysis, we have left the curvature
free, so that they should be extended to the general-Ωk
case following comoving distance [41]
DM (z) =


DH√
Ωk
sinh
(√
Ωk
DC(z)
DH
)
for Ωk > 0
DC(z) for Ωk = 0
DH√
|Ωk|
sin
(√|Ωk|DC(z)DH
)
for Ωk < 0 ,
(23)
where DH = c0/H0 is the Hubble distance, DC(z) =
DH
∫ z
0 dz
′/E(z′) is the line-of-sight comoving distance,
E(z) = H(z)/H0, Ωk is the dimensionless curvature den-
sity parameter, and considering that luminosity distance
and angular diameter distance are given respectively by
DL(z) = (1 + z)DM (z) , (24)
DA(z) =
DM (z)
1 + z
. (25)
How to generalize all these equations to the case of a VSL
model will be described in detail below, case by case.
A. Hubble data from early-type galaxies
We use a compilation of Hubble parameter measure-
ments estimated with the differential evolution of pas-
sively evolving early-type galaxies as cosmic chronome-
ters, in the redshift range 0 < z < 1.97, and recently
updated in [42]. The corresponding χ2H estimator is de-
fined as
χ2H =
24∑
i=1
(H(zi, θb, θc)−Hobs(zi))2
σ2H(zi)
, (26)
with σH(zi) the observational errors on the measured
Hobs(zi) values, θb the vector of the cosmological back-
ground parameters, and θc the vector of the parameters
directly related to the functional form of c(z). Moreover,
we will add a gaussian prior, derived from the Hubble
constant value given in [43], H0 = 69.6± 0.7.
B. Type Ia Supernovae
We used the SNeIa (Supernovae Type Ia) data from
the JLA (Joint-Light-curve Analysis) compilation [44].
This set is made of 740 SNeIa obtained by the SDSS-II
(Sloan Digital Sky Survey) and SNLS (Supenovae Legacy
Survey) collaboration, covering a redshift range 0.01 <
z < 1.39. The χ2SN in this case is defined as
χ2SN = ∆µ · C−1SN · ∆µ , (27)
with ∆µ = µtheo − µobs, the difference between the ob-
served and the theoretical value of the observable quan-
tity for SNeIa, the distance modulus; and CSN the total
covariance matrix (for a discussion about all the terms
involved in its derivation, see [44]). The predicted dis-
tance modulus of the SNeIa, µ, given the cosmological
model and two other quantities, the stretch X1 (a mea-
sure of the shape of the SNeIa light-curve) and the color
C, is defined as
µ(z, θb, θc) = 5 log10[DL(z, θb, θc)]− αX1 + βC +MB ,
(28)
where DL is the luminosity distance. In a classical con-
text, where c is constant, this is given by
DL(z, θb) =
c0
H0
(1 + z)
∫ z
0
dz′
E(z′, θb)
, (29)
with H(z) ≡ H0E(z) (following [44], only for SNeIa anal-
ysis we assumeH0 = 70 km/s Mpc
−1) and c0 the speed of
light measured here and now. The vector θb will include
cosmologically-related parameters and three other fitting
parameters: α and β, which characterize the stretch-
luminosity and color-luminosity relationships; and the
nuisance parameter MB, expressed as a step function
of two more parameters, M1B and ∆m:
MB =
{
M1B if Mstellar < 1010M⊙,
M1B +∆m otherwise.
(30)
Further details about this choice are given in Ref. [44].
When c is varying according to our models, Eq. (29) is
modified into
DL(z, θb, θc) =
1
H0
(1 + z)
∫ z
0
c(z′, θc)
E(z′, θb)
dz′ . (31)
C. Baryon Acoustic Oscillations
The χ2BAO for Baryon Acoustic Oscillations (BAO) is
defined as
χ2BAO = ∆F
BAO · C−1BAO · ∆FBAO , (32)
where the quantity FBAO can be different depending on
the considered survey. We used data from the Wig-
gleZ Dark Energy Survey, evaluated at redshifts z =
6{0.44, 0.6, 0.73}, and given in Table 1 of [45]; in this case
the quantities to be considered, when c is constant, are
the acoustic parameter
A(z, θb) = 100
√
Ωm h2
DV (z, θb)
c0 z
, (33)
and the Alcock-Paczynski distortion parameter
F (z, θb) = (1 + z)
DA(z, θb)H(z, θb)
c0
, (34)
where DA is the angular diameter distance
DA(z, θb) =
c0
H0
1
1 + z
∫ z
0
dz′
E(z′, θb)
, (35)
and DV is the geometric mean of the physical angular
diameter distance DA and of the Hubble function H(z),
and defined as
DV (z, θb) =
[
(1 + z)2D2A(z, θb)
c0 z
H(z, θb)
]1/3
. (36)
When dealing with varying c, Eqs. (33)-(35) and (36)
have to be changed into
A(z, θb, θc) = 100
√
Ωm h2
DV (z, θb, θc)
c(z, θc) z
, (37)
F (z, θb, θc) = (1 + z)
DA(z, θb, θc)H(z, θb, θc)
c(z, θc)
, (38)
DA(z, θb, θc) =
1
H0
1
1 + z
∫ z
0
c(z′, θc)
E(z′, θb, θc)
dz′ , (39)
DV (z, θb, θc) =
[
(1 + z)2D2A(z, θb, θc)
c(z, θc) z
H(z, θb, θc)
]1/3
.
(40)
We have also considered the data from the SDSS-III
Baryon Oscillation Spectroscopic Survey (BOSS) DR12,
described in [46] and expressed as
DM (z)
rfids (zd)
rs(zd)
and H(z)
rs(zd)
rfids (zd)
, (41)
where rs(zd) is the sound horizon evaluated at the drag-
ging redshift zd; and r
fid
s (zd) is the same sound horizon
but calculated for a given fiducial cosmological model
used, being equal to 147.78 Mpc [46]. The redshift of the
drag epoch is well approximated by [47]
zd =
1291(Ωm h
2)0.251
1 + 0.659(Ωm h2)0.828
[
1 + b1(Ωb h
2)b2
]
, (42)
where
b1 = 0.313(Ωm h
2)−0.419
[
1 + 0.607(Ωm h
2)0.6748
]
,
b2 = 0.238(Ωm h
2)0.223. (43)
The sound horizon, in the classical context of constant c,
is defined as:
rs(z, θb) =
∫ ∞
z
cs(z
′)
H(z′, θb)
dz′ , (44)
with the sound speed
cs(z) =
c0√
3(1 +Rb (1 + z)−1)
, (45)
and
Rb = 31500Ωb h
2 (TCMB/2.7)
−4
, (46)
with TCMB = 2.726 K. Finally, we have also added
data points from Quasar-Lyman α Forest from SDSS-III
BOSS DR11 [48]:
DA(z = 2.36)
rs(zd)
= 10.8± 0.4 , (47)
c0
H(z = 2.36)rs(zd)
= 9.0± 0.3 . (48)
When working with varying-c models, of course, we will
have to change DA and DV as described above, and also
the sound horizon, through the definition of the sound
speed, Eq. (45), which now will be
cs(z, θc) =
c(z, θc)√
3(1 +Rb (1 + z)−1)
. (49)
Thus, we will have three different contributions to χ2BAO,
e.g., χ2WiggleZ , χ
2
BOSS , χ
2
Lyman, depending on the data
sets we consider.
D. Cosmic Microwave Background
The χ2CMB for Cosmic Microwave Background (CMB)
is defined as
χ2CMB = ∆F
CMB · C−1CMB · ∆FCMB , (50)
where FCMB is a vector of quantities taken from [49],
where Planck 2015 data release is analyzed in order to
give a set of quantities which efficiently summarize the in-
formation contained in the full power spectrum (at least,
for the cosmological background, see [50]), and can thus
be used in alternative to the latter. In the classical con-
text, the quantities are the CMB shift parameters:
R(θb) ≡
√
ΩmH20
r(z∗, θb)
c0
la(θb) ≡ pi r(z∗, θb)
rs(z∗, θb)
, (51)
and the baryonic density parameter, Ωb h
2. Again, rs is
the comoving sound horizon, evaluated at the photon-
decoupling redshift z∗, given by the fitting formula [51]:
z∗ = 1048
[
1 + 0.00124(Ωbh
2)−0.738
] (
1 + g1(Ωmh
2)g2
)
,
(52)
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g1 =
0.0783(Ωbh
2)−0.238
1 + 39.5(Ωbh2)−0.763
, (53)
g2 =
0.560
1 + 21.1(Ωbh2)1.81
; (54)
while r is the comoving distance defined as:
r(z, θb) =
c0
H0
∫ z
0
dz′
E(z′, θb)
dz′ . (55)
When considering varying-c models, again, the sound
horizon will change as described above, and the comoving
distance will be
r(z, θb, θc) =
1
H0
∫ z
0
c(z′, θc)
E(z′, θb, θc)
dz′ , (56)
and the shift parameter R will become
R(θb, θc) ≡
√
ΩmH20
r(z∗, θb, θc)
c(z, θc)
. (57)
Thus, the total χ2Tot will be the sum of: χ
2
H0
, χ2H , χ
2
SN ,
χ2WiggleZ , χ
2
BOSS , χ
2
Lyman and χ
2
CMB. We minimize χ
2
Tot
using the Markov Chain Monte Carlo (MCMC) method.
The cosmological parameters vector θb will be equal to
{Ωm,Ωb,Ωk, h, wDE , α, β,M1B,∆M}, where wDE can be
−1 when considering the cosmological constant case, or
{w0, w1} when dealing with the CPL parametrization.
Instead, the VSL parameters vector θc will be made of
{n, ac} (plus κ, the kinetic term for the VSL field, in
the Moffat approach) depending on the chosen ansatz for
c(z). The parameter h is defined in a standard way by
H0 ≡ 100 h. The density parameters entering H(z) are
Ωm,Ωr,Ωk with ΩDE consequently in order to ensure the
condition E(z = 0) = 1. Moreover, the radiation density
parameter Ωr will be defined [52] as the sum of photons
and relativistic neutrinos
Ωr = Ωγ(1 + 0.2271Neff) , (58)
where Ωγ = 2.469 × 10−5 h−2 for TCMB = 2.726 K;
and the number of relativistic neutrinos is assumed to
be Neff = 3.046.
IV. STATISTICAL COMPARISON TOOLS
If we plan to have a statistical hierarchy of VSL ap-
proaches, we need a statistical tool to define the relia-
bility of one model against the other. There is plenty of
tools which might be used, but each of them is plagued
by some problems and that makes the choice of the right
one tricky. A list of the most used in cosmology can be
found in [53], including: the Akaike Information Crite-
rion (AIC), in its original form [54], and the corrected one
[55]; the Residual Information Criterion (RIC), both orig-
inal and extended [56]; the Bayesian Information Crite-
rion (BIC) [57]; and the Deviance Information Criterion
(DIC) [58]. Independently of the way they are derived,
they all look like a “variation on a theme”, being equal
(except for DIC) to the minimum in the χ2 plus some
term which involves a combination of the number of the-
oretical parameters and of the number of data used in the
analysis. Thus, they will always tend to penalize (even if
in different measure) models with a higher number of pa-
rameters in a clearly biased way. Some of them have also
intrinsic problems, for example: the “dimensional incon-
sistency” of AIC; or BIC-based inference being suspicious
when some theoretical parameters are degenerate (which
often happens when dealing with DE models or param-
eterizations); and they do not generally help to state a
“validity hierarchy”, instead leading to conflicting results
(see the case analysed in [53], for example).
A. Bayesian evidence
Finally, it is generally recognized that the best way to
statistically compare models is by means of the Bayesian
Evidence for it. In this work, the Bayesian Evidence for
each model is calculated using the algorithm described in
[59]. As this algorithm is stochastic, in order to take into
account possible statistical noise, we run it ∼ 100 times
obtaining a distribution of values from which we extract
the best value of the evidence as the median of the dis-
tribution. The Evidence, E , is defined as the probability
of the data D given the model M with a set of param-
eters θ, E(M) = ∫ dθ L(D|θ,M) pi(θ|M): pi(θ|M) is
the prior on the set of parameters, normalized to unity,
and L(D|θ,M) is the likelihood function. As commented
above, there are many other tools to compare models,
but the Bayesian Evidence is considered the most reli-
able, even if it is not completely immune to problems,
like its dependence on the choice of priors [60]. In or-
der to minimize such problems, we have always used the
same uninformative flat priors on the parameters, and
over sufficiently wide ranges, so that further increasing
them will have no impact on the results. More details
about them are in next subsections.
Once the Bayesian Evidence is calculated, one can ob-
tain the Bayes Factor, defined as the ratio of evidences
of two models, Mi and Mj, Bij = Ei/Ej. If Bij > 1,
model Mi is preferred over Mj , given the data. We have
used, separately, the cosmological constant and the CPL
model, both with constant speed of light and null spatial
curvature, as reference models Mj.
Even if the Bayes Factor Bij > 1, one is not able yet
to state how much better is model Mi with respect to
model Mj. For this, we choose the widely-used Jef-
freys’ Scale [61]. In general, Jeffreys’ Scale states that:
if lnBij < 1, the evidence in favor of model Mi is not
significant; if 1 < lnBij < 2.5, the evidence is substan-
tial; if 2.5 < lnBij < 5, is strong; if Bij > 5, is decisive.
Negative values of lnBij can be easily interpreted as ev-
idence against model Mi (or in favor of model Mj). In
[60], it is shown that the Jeffreys’ scale is not a fully-
8reliable tool for model comparison, but at the same time
the statistical validity of the Bayes factor as an efficient
model-comparison tool is not questioned: a Bayes factor
Bij > 1 unequivocally states that the model i is more
likely than model j. We present results in both contexts
for reader’s interpretation.
B. Priors
The most straightforward priors are derived from gen-
eral cosmological assumptions. In particular:
• 0 < Ωb < Ωm; no upper limit is given, because we
leave Ωk free;
• ΩDE > 0 or, more generally, ρDE(a) > 0 for
any scale factor in the range [0, 1]. This sounds
like a quite natural and obvious condition (mat-
ter/energy density is positive by definition) but it is
not so trivial in our analysis. In fact, when solving
the continuity equations, Eqs. (5) - (8) and (18),
it can happen that, for some combination of the
parameters θb, θc (in particular, Ωk, wDE , n and
κ), we might have ρDE(a) < 0 over some redshift
range;
• for the CPL case, w0 + wa < 1.
We will define such priors as the cosmological priors. But
constraints of different nature might be assumed. In
fact, in the past, VSL have been analyzed in the con-
text of their thermodynamical consequences [62, 63]. For
the sake of completeness, we will also discuss such pri-
ors in our analysis, but we want to make it clear that
the only reliable results are, in our opinion, only those
derived from applying the cosmological conditions de-
scribed above. That is why there are many possible flaws
behind the above-mentioned thermodynamical consider-
ations.
The first point, referring to [62], introduces what we
could define as an information prior. In that work the
authors state in a simple way a possible relation among
VSL and variation in the entropy of the universe. In par-
ticular, they state that “an increase in c means a widen-
ing of the past light cone of the observers. Automatically
they acquire more information and the entropy decreases
accordingly.” Such affirmation is then used to state that
the only possible VSL signal needs to have c˙ < 0. This
condition is what we will call information prior later on.
It is easy to check that, given our ansa¨tze for the func-
tional form of c(z), it corresponds to n < 0 for the c-cl
and c-Mag cases, and n > 0 for the c-CPL one. Actually,
this condition is very restrictive and still disputable. In
fact, the past light cone of the observers only defines the
visible universe, a smaller (not closed) region of the en-
tire universe. It seems that the information problem in
this case is quite different from the information paradox
for black holes, because, in our case, there is actually no
proper loss or gain of information: the information in the
entire universe is always the same, independently of what
we observe or not.
The second approach is described in Ref. [63]. Assum-
ing the universe satisfies the first law of thermodynam-
ics, in a VSL scenario the time variation of the entropy
is found to be:
s˙ =
(
2ρ− c
2
4piG
Λ +
3kc2
4piGa2
)
a3cc˙
T
, (59)
where s is the entropy, ρ is the total matter density, Λ
is the cosmological constant, and T is the temperature
of the Universe. This formula is more complete than
its equivalent in [62], because it takes into account a cos-
mological constant, and not only ordinary matter. More-
over, it exhibits a coupling between the cosmological con-
stant and the VSL signal because the former is introduced
as a geometrical component. In our approach, instead,
we consider dark energy, whatever it is, as a fluid, thus
contributing to the stress-energy tensor. As such, follow-
ing the same step in [63], our equivalent expression for
Eq. (59) will be:
s˙ = 4ρ
a3cc˙
T
, (60)
for the Avelino & Martins model, and:
s˙ =
(
2ρ+
3kc2
4piGa2
)
a3cc˙
T
, (61)
for the Barrow & Magueijo and Moffat models. They
give different results because of the different continuity
equations, Eqs. (5) - (8) and (18). Now, ρ includes both
matter (dark and baryonic) and dark energy. Finally,
Eq. (61) can be written in terms of observational param-
eters as:
s˙ =
[
1− Ωk
(
1 +
∆2c
a2
)]
3H2
4piG
a3cc˙
T
, (62)
where ∆c = c(z)/c0.
It is then straightforward to find out that, for the
Avelino & Martins scenario, you can only have c˙ > 0
in order to ensure s˙ > 0; and this conclusion contradicts
the information prior stated in [62]. On the other hand,
in the case of Barrow & Magueijo and Moffat models,
you can still have either c˙ < 0 or c˙ > 0, and s˙ > 0.
When we consider the condition s˙ > 0, as derived from
Eqs. (60) - (62), we will assume that an entropy prior is
being applied.
However, we have to stress that Eqs. (60) - (62) are
derived assuming that the energy (or the number parti-
cles) is conserved in the universe; but VSL intrinsically
violate this condition [13], as it is also possible to check
from the same continuity equations we have derived in
this work, Eqs. (5) - (8) and (18). Thus, in principle,
they should/could not be applied to VSL in a healthy
way, and they could lead to conflicts and/or inconsisten-
cies with the same VSL approaches (as it is shown in
Table I, which we will discuss in next sections).
9V. RESULTS AND DISCUSSION
We will discuss the results obtained from applying dif-
ferent kinds of priors in separate sections, enlightening
pros and cons for each of them. In Table I we report all
the priors we can apply, and show if they are compati-
ble with each other. A “X” implies that a fit with the
assumed conditions is possible, and gives reliable results.
A “†” means that the prior conditions can be satisfied
by some set of parameters values, but no reliable fit is
possible. For example, we can have high values of the χ2
(∼ 104−106), implying an unsatisfactory fit of the obser-
vational data; and not physical cosmological parameters,
as h→ 1, Ωm → 0, or w0 → 0. Finally, a “‡” means that
there is no set of parameters at all which can satisfy the
considered priors.
A. Cosmological priors
In this case, all results for our analysis are summarized
in Table II for the cosmological constant case, and in
Table III for the CPL case. As we have stated in the
previous section, these will be considered by us as the
main result of this work.
Looking at the values of the logarithm of the Bayes
Factor for the cosmological constant case, we can see how
the values are mostly < |1| which means no strong sta-
tistical evidence in favor of one model in particular, were
it the reference scenario (c−constant, with or without
spatial null curvature) or one of the VSL one. Most of
the cases are completely equivalent among each other,
not only when relying on the values of the cosmological
parameters coming out our statistical analysis, but also
when looking to possible alternative smoking guns as, for
example, the maximum distance from the galaxy distri-
bution we discussed (see column 8 in Table II and column
10 in Table III).
The AM approach, while being < |1|, show negative
Bayes Factor, thus, it should be slightly disfavoured with
respect to the c-constant case (and null spatial curva-
ture). On the contrary, the BM and Moffat scenarios
report > 1 values for the Bayes Factor in the case of a
linear VSL signal, pointing toward a substantial evidence
in favor of the VSL scenarios against the classical one
with no spatial curvature. It is also interesting to note
that mostly all the VSL scenarios have a higher Bayes
Factor than the Ωk-free classical scenario, which means
they are in some way more favoured with respect to this
model.
Focussing on the values of the cosmological parame-
ters, it is clear that only the AM approach results in
different values for Ωm and Ωk, both much higher (and
with larger errors) then the standard model. But, as
stated above, this approach is statistically not favoured.
On the other hand, the models with the highest Bayes
Factors are perfectly consistent with the ΛCDM expec-
tations, looking almost identical, even when the value of
the maximum redshift is taken into account.
Moving to the VSL ansa¨tze, the first point to be
stressed is how the c-Mag ansatz has an important flaw:
the scale factor at which there should be transition from
one c 6= c0 to c = c0 is basically unconstrained, could
it range from 0 to 1 at (slightly less than) 2σ level. An
interesting point is that both the BM and Moffat sce-
narios with the highest Bayes Factor, have an index n
(parameterizing the VSL signal and its deviation from
the c-constant case, holding for n = 0) which is consis-
tent with 0 only at 2σ confidence level. Such VSL signals
also seem to partially smear the effect from the spatial
curvature: while the Ωk best fit values look to be the
same, there is a sensible decrease in their error estima-
tions, pointing toward a better assessment of an open
Universe (Ωk > 0).
When moving to the CPL case, in general, results
are the same, qualitatively speaking, even if now, as ex-
pected, the presence of a dark energy component increase
the degeneracy among parameters. The AM approach re-
sults to work better than the cosmological constant case
but, even if the Bayes Factors are all > 0, still the VSL
models have smaller Evidence than the classical scenario
with non-null curvature (i.e. CPL plus Ωk free). Again,
the BM and Moffat approaches give better statistical per-
formances, with > 1 Bayes Factors. Now the curvature
is consistent with null value; but the c−running param-
eters n are not consistent with zero values at least at
2σ level. Moreover, in this case we have a clear differ-
ence in both the cosmological parameters outputs (for
the Moffat case, we have less matter required) and in the
maximum redshift for DA, which could be a good obser-
vational probe to discriminate between the standard and
the two alternative scenarios.
Finally, the most favoured statistical scenarios point
clearly toward a phantom dark energy (wDE < −1 at late
times), and the cosmological constant case is excluded at
least at 2σ level (see values for the w1 parameter).
We will also give a further detail about such models:
as explained in the Introduction, while having a Bayesian
hierarchy of VSL approach is an initial step, a more fun-
damental and important one would be to have a good
observational discriminator among them. And, possibly
and preferably, such discriminator should be related to
a dimensionless quantity. In our previous works [23, 24],
we have shown that this is possible: one has to calcu-
late where is located (in terms of redshift) the maximum
in the angular diameter distance, and then calculate the
quantityDA(zM )H(zM )/c0 which, for a general VSL the-
ory with free curvature Ωk, is
DA(zM )H(zM )
c0
= ∆c(zM ) ·∆k(zM ) , (63)
where zM is the redshift at which the angular diameter
distance reaches its maximum, and ∆c(zM ) and ∆k(zM )
are defined as
∆c(zM ) =
c(zM )
c0
, (64)
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and
∆k(zM ) =


cosh
(√
Ωk
DC(zM )
DH
)
for Ωk > 0
1 for Ωk = 0
cos
(√|Ωk|DC(zM )DH
)
for Ωk < 0 .
(65)
∆c is, basically, the contribution to the signal given only
by the relative variation of the speed of light between now
and the zM epoch, while ∆k quantifies the contribution
to the signal from the spatial curvature. Actually, in
∆k there is still some influence from c(z), through the
comoving distance DC .
Thus, for each model we have considered, we have cal-
culated the maximum redshift zM , the total ∆c∆k signal,
and the separate contributions from both VSL and cur-
vature. In [23, 24] we have stated that, in principle, the
Square Kilometer Array (SKA) [64] will be able to de-
tect, if any, a total signal1 ∆c∆k ≈ 1.01. Looking at
Tables II and III, we can easily check that, from this
point of view, the only scenarios which fulfill such condi-
tion in an undoubted way are the BM and Moffat models,
with a CPL and classical VSL ansatz respectively when
a cosmological constant or a CPL DE model is assumed,
i.e. all the models which exhibit the highest favourable
evidence. This makes them falsifiable in the next future.
B. Information priors
The first point to be noted is that when we apply only
cosmological priors (Tables II and III), the information
prior condition, c˙ < 0, is automatically verified by the
median best fit values for the Avelino & Martins sce-
nario. Thus, by forcing the condition c˙ < 0 we will have
the only consequence to cut the positive-values tail, but
not to really improve or worsen the χ2 value. This can
be easily checked in Tables IV and V, by inspection of
the Bayesian Evidence values compared to the reference
models, ΛCDM without and with curvature.
On the other hand, the Barrow & Magueijo and Moffat
scenarios, in the only cosmological priors case, always
have best fits which satisfy the condition c˙ > 0. Thus,
they are intrinsically violating the information prior. As
a result, by imposing the information prior, the χ2 is
much more worsened. Actually, while in the cosmological
prior case they are the most favoured scenarios, with a
Bayesian Evidence even greater than one in some cases,
now they have lower values (even turning negative, in the
case of a ΛCDM component) meaning they are clearly
disfavoured. And we can only put lower or upper limits
on the curvature and on the variation rate of c(z).
1 In [23, 24] we have assumed that such signal is made only by
VSL, while the curvature is null, i.e., ∆k = 1
C. Entropy priors
The application of the entropy prior is much more
tricky. First of all, from Table I one can immediately see
that it is impossible to have s˙ > 0, c˙ < 0 and ρDE(a) > 0
satisfied at the same time in all cases but the Moffat sce-
nario with a CPL dark energy and a c-CPL ansatz for
the VSL signal. It must be noted that, with respect to
[62, 63], this inconsistency has been obtained not by an-
alytical considerations, but by an extensive scan of the
parameters space through Markov Chain Monte Carlo
runs. Also, we remember that VSL theories explicitly vi-
olate the energy conservation; thus, such inconsistency, is
not completely unexpected, and does not mean that the
VSL approaches we have considered are wrongly defined,
but that a more careful analysis about VSL consequences
is needed at every basic level.
As said in previous section, in the Avelino & Martins
case we always have c˙ < 0; this condition is not compat-
ible with s˙ > 0 given in Eq. (60). Thus, we have to force
c˙ > 0 in order to have s˙ > 0 (see Table I). Results are in
Tables VI and VII. As expected, the fit is worst in this
case with respect to previous priors cases.
For the Barrow & Magueijo scenario, we can achieve
the condition s˙ > 0 in one case only, with c˙ > 0, see Ta-
ble VII. Instead, the only cases within Moffat approach
which give reliable and reasonable fits to the data, corre-
spond to the c-CPL ansatz, with n > 0, which actually
implies c˙ < 0. Thus, if we had to give full validity to
the entropy prior, the Moffat scenario would result to
be the only one possible, but with a negative logarithmic
Bayesian Evidence ratio, so, it would be disfavoured with
respect to the standard c-constant ΛCDM model.
VI. CONCLUSIONS
In this work we have tried to introduce some clarifi-
cations in the context of varying speed of light theories.
While there is a hard debate about their feasibility, and
many theoretical proposals which try to assess all the
problems and issues they are generally concerned for, we
have detected a global lack of one of the easiest and most
natural way to test the reliability of a theory: its ap-
plication to data, and the resulting statistical analysis.
Results in this work are just this: a statistically-based
theoretical feasibility study of some VSL approaches; but
the way these can be confirmed has to pass, of course,
through some dimensionless quantity like, for example,
the previously described relative variation of c.
Here, we used the most updated cosmological probes
and considered three different ways to approach a varying
speed of light cosmology. Firstly, we considered the ap-
proach initially described in [11–13, 27–30] (BM) which,
even if historically referred as the most influential, is
well known to have some theoretical shortcomings as,
for example, not a proper way to introduce variation of
the speed of light at the action level. At the moment
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to enforce a comparison with data, this approach looks
like a “mild” variation to the standard ΛCDM model,
with some consequence only at the continuity equation
if the spatial curvature is considered not null. Other-
wise, it would be completely equivalent to the standard c-
constant ΛCDM scenario. Secondly, we have focussed on
a first try to extend such approach, developed by [14, 15]
(AM), and leading to more effective changes to both the
Friedmann and the continuity equations, which do not
simply disappear even when spatial flatness is assumed.
Last, we have paid attention to the newest approach from
[16] (Moffat), which overtakes all the major shortcomings
from the first VSL models by considering the varying c as
a field, and properly taking it into account since the la-
grangian definition. The interesting point is that, while
the continuity equation from this model is completely
equal to the BM one, the Friedmann equation is differ-
ent and does not correspond to it even in the limit of null
spatial curvature.
One of the most problematic points when facing a VSL
theory is the lack of a theoretically-based c(z) ansatz; we
have considered two ansa¨tze from literature and proposed
a new one, linear in the scale factor, which we have called
c-CPL, in close parallelism with the most used dark en-
ergy parametrization. Moreover, we have considered two
different cases for a dark energy fluid, i.e. a cosmological
constant and a CPL DE parametrization.
Final results show that the most interesting ap-
proaches, from a statistical point of view, are the BM
and Moffat ones. The AM is able to obtain a quite good
fit of present data, but using the Bayesian Evidence as
tool to define a preference hierarchy among the models, it
results to be the less favourable. On the other hand, the
BM approach, while being satisfactory and admissible,
has one problem which no statistical probe can quan-
tify: its recognized theoretical unsatisfactory derivation.
The most interesting, then, is the VSL approach from
Moffat: it has theoretical soundness, and seems to be
favoured by data with respect to the stronger and more
famous c-constant ΛCDM scenario, both with or with-
out fixing null spatial curvature. The VSL signal cannot
explain present accelerated expansion (one of the histor-
ically most required motivations to introduce a varying
speed of light) by itself; it always need a dark energy com-
ponent to enforce it. But there is a 2σ statistical evidence
for both a non-zero VSL signal and for a non-constant
DE component. What makes this approach even more
interesting is that, while from a pure cosmological point
of view, the expected cosmological parameters are quite
similar to the ΛCDM case, there are other observations,
like the maximum redshift location in the DA, and the
amount of signal (as defined in the previous sections) at
that redshift, which make it different from the standard
scenario and, thus, testable in the very next future.
Finally, we have also considered a VSL analysis by ap-
plying priors coming from information theory and the
second law of thermodynamics. The application of such
priors turned out to be a bit inconclusive and perhaps
not completely clear. It seems that there are still some
theoretical issues which should be addressed before going
to some more general conclusions. Anyway, in this paper
we have presented all possible combinations of models
and constraints which refer to the topic of varying speed
of light cosmologies leaving its deeper attitude to future
readers.
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Table II. Cosmological priors. ΛCDM case.
id. Ωm Ωk h n B
i
ΛCDM lnB
i
ΛCDM zM ∆c∆k ∆c ∆k
ΛCDM
no Ωk 0.309
+0.005
−0.005 0 0.679
+0.004
−0.004 − 1 0 1.594
+0.007
−0.007 1 − −
Ωk 0.309
+0.005
−0.005 0.0008
+0.0017
−0.0016 0.681
+0.005
−0.005 − 0.79 −0.24 1.594
+0.007
−0.007 1.0005
+0.0010
−0.0009 − 1.0005
+0.0010
−0.0009
Barrow & Magueijo
c-cl. 0.307+0.005
−0.005 0.0008
+0.0010
−0.0006 0.688
+0.006
−0.006 0.0007
+0.0005
−0.0004 2.26 0.81 1.594
+0.007
−0.003 0.9999
+0.0007
−0.0006 0.9994
+0.0004
−0.0004 1.0005
+0.0006
−0.0004
c-Mag. 0.307+0.005
−0.005 0.0008
+0.0010
−0.0006 0.689
+0.006
−0.006 0.0014
+0.0009
−0.0008 2.40 0.88 1.594
+0.007
−0.003 0.9999
+0.0007
−0.0006 0.9993
+0.0004
−0.0004 1.0005
+0.0005
−0.0004
c-CPL 0.302+0.006
−0.006 0.0008
+0.0009
−0.0006 0.693
+0.006
−0.006 −0.018
+0.008
−0.008 12.13 2.50 1.594
+0.007
−0.007 0.989
+0.005
−0.005 0.989
+0.005
−0.005 1.0003
+0.0003
−0.0002
Avelino & Martins
c-cl. 0.322+0.014
−0.013 0.006
+0.006
−0.005 0.683
+0.005
−0.005 −0.0017
+0.0016
−0.0016 0.89 −0.11 1.577
+0.017
−0.020 1.005
+0.004
−0.005 1.002
+0.002
−0.002 1.003
+0.003
−0.003
c-Mag. 0.322+0.014
−0.014 0.006
+0.006
−0.006 0.683
+0.005
−0.005 −0.003
+0.003
−0.003 0.94 −0.06 1.577
+0.017
−0.020 1.005
+0.004
−0.004 1.002
+0.002
−0.002 1.003
+0.003
−0.003
c-CPL 0.318+0.013
−0.013 0.004
+0.005
−0.005 0.682
+0.005
−0.005 0.008
+0.011
−0.011 0.72 −0.33 1.581
+0.020
−0.016 1.007
+0.009
−0.010 1.005
+0.007
−0.007 1.002
+0.003
−0.003
Moffat
c-cl. 0.307+0.005
−0.005 0.0008
+0.0011
−0.0007 0.686
+0.005
−0.005 0.0004
+0.0004
−0.0003 1.29 0.26 1.597
+0.007
−0.007 1.0000
+0.0007
−0.0005 0.9996
+0.0003
−0.0004 1.0005
+0.0006
−0.0004
c-Mag. 0.307+0.005
−0.005 0.0009
+0.0011
−0.0006 0.686
+0.005
−0.005 0.0009
+0.0007
−0.0006 1.27 0.24 1.597
+0.007
−0.007 1.0000
+0.0007
−0.0005 0.9996
+0.0003
−0.0004 1.0005
+0.0006
−0.0004
c-CPL 0.305+0.006
−0.005 0.0008
+0.0010
−0.0006 0.690
+0.006
−0.006 −0.008
+0.005
−0.005 3.51 1.26 1.597
+0.007
−0.007 0.996
+0.003
−0.003 0.995
+0.003
−0.003 1.0005
+0.0005
−0.0003
Table III. Cosmological priors. CPL case.
id. Ωm Ωk h n w0 w1 B
i
CPL lnB
i
CPL zM ∆c∆k ∆c ∆k
CPL
no Ωk 0.302
+0.006
−0.006 0 0.689
+0.006
−0.006 − −1.15
+0.09
−0.08 0.35
+0.29
−0.32 1 0 1.584
+0.013
−0.013 1 − −
Ωk 0.302
+0.006
−0.006 −0.003
+0.004
−0.003 0.689
+0.006
−0.006 − −1.11
+0.11
−0.11 0.07
+0.52
−0.61 0.75 −0.29 1.594
+0.017
−0.017 0.998
+0.002
−0.002 − 0.998
+0.002
−0.002
Barrow & Magueijo
c-cl. 0.301+0.006
−0.005 −0.002
+0.004
−0.004 0.695
+0.007
−0.007 0.003
+0.002
−0.002 −1.14
+0.08
−0.08 0.74
+0.20
−0.17 4.04 1.40 1.564
+0.010
−0.010 0.997
+0.003
−0.004 0.997
+0.002
−0.002 0.999
+0.002
−0.002
c-Mag. 0.301+0.006
−0.005 −0.005
+0.005
−0.004 0.696
+0.006
−0.007 0.008
+0.003
−0.003 −1.09
+0.08
−0.08 0.57
+0.23
−0.16 8.44 2.13 − − − −
c-CPL 0.296+0.006
−0.006 0.001
+0.004
−0.003 0.696
+0.006
−0.007 −0.031
+0.016
−0.016 −1.14
+0.07
−0.08 0.64
+0.24
−0.16 3.55 1.27 1.561
+0.010
−0.013 0.982
+0.010
−0.010 0.981
+0.010
−0.009 1.001
+0.002
−0.002
Avelino & Martins
c-cl. 0.324+0.016
−0.014 0.004
+0.006
−0.005 0.693
+0.006
−0.006 −0.003
+0.002
−0.002 −1.05
+0.13
−0.11 −0.38
+0.62
−0.79 1.27 0.24 1.574
+0.020
−0.020 1.005
+0.005
−0.004 1.003
+0.002
−0.002 1.003
+0.003
−0.003
c-Mag. 0.325+0.015
−0.014 0.005
+0.006
−0.005 0.693
+0.006
−0.007 −0.006
+0.003
−0.003 −1.05
+0.13
−0.12 −0.38
+0.66
−0.78 1.36 0.31 1.574
+0.020
−0.020 1.006
+0.004
−0.004 1.003
+0.001
−0.002 1.003
+0.003
−0.003
c-CPL 0.325+0.016
−0.015 0.004
+0.005
−0.005 0.693
+0.006
−0.007 0.021
+0.012
−0.012 −1.05
+0.14
−0.12 −0.44
+0.66
−0.86 1.38 0.32 1.574
+0.020
−0.020 1.016
+0.009
−0.010 1.013
+0.007
−0.007 1.002
+0.003
−0.003
Moffat
c-cl. 0.288+0.010
−0.013 −0.011
+0.010
−0.011 0.694
+0.006
−0.006 0.006
+0.004
−0.003 −1.08
+0.09
−0.09 0.72
+0.09
−0.09 9.87 2.29 1.584
+0.020
−0.017 0.990
+0.008
−0.008 0.995
+0.003
−0.003 0.995
+0.005
−0.005
c-Mag. 0.301+0.006
−0.006 0.001
+0.003
−0.003 0.691
+0.006
−0.006 0.002
+0.003
−0.003 −1.15
+0.10
−0.07 0.71
+0.32
−0.97 0.35 0.78 1.577
+0.023
−0.023 0.9997
+0.0008
−0.0015 1.000
+0.001
−0.002 1.0000
+0.0001
−0.0002
c-CPL 0.296+0.006
−0.006 −0.001
+0.004
−0.004 0.696
+0.007
−0.007 −0.033
+0.016
−0.015 −1.10
+0.07
−0.08 0.59
+0.21
−0.14 6.42 1.86 1.574
+0.010
−0.016 1.016
+0.021
−0.022 0.979
+0.009
−0.009 1.038
+0.016
−0.016
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Table IV. Cosmological plus information priors. ΛCDM case.
id. Ωm Ωk h n B
i
ΛCDM lnB
i
ΛCDM
ΛCDM
no Ωk 0.309
+0.005
−0.005 0 0.679
+0.004
−0.004 − 1 0
Ωk 0.309
+0.005
−0.005 0.0008
+0.0017
−0.0016 0.681
+0.005
−0.005 − 0.79 −0.24
Barrow & Magueijo
c-cl. 0.311+0.005
−0.005 > −5 · 10
−4 0.676+0.004
−0.004 > −9 · 10
−5 0.29 −1.22
c-Mag. 0.310+0.005
−0.005 > −5 · 10
−4 0.676+0.004
−0.004 > −2 · 10
−4 0.30 −1.21
c-CPL 0.311+0.005
−0.005 > −6 · 10
−4 0.676+0.006
−0.006 < 0.003 0.28 −1.29
Avelino & Martins
c-cl. 0.326+0.012
−0.010 0.008
+0.005
−0.004 0.684
+0.005
−0.005 −0.0022
+0.0012
−0.0013 1.00 −0.003
c-Mag. 0.326+0.012
−0.010 0.008
+0.005
−0.004 0.684
+0.005
−0.005 −0.0043
+0.0023
−0.0027 1.00 −0.004
c-CPL 0.323+0.011
−0.009 0.006
+0.004
−0.004 0.683
+0.005
−0.005 0.012
+0.009
−0.007 0.79 −0.24
Moffat
c-cl. 0.311+0.005
−0.005 > −6 · 10
−4 0.676+0.004
−0.004 > −8 · 10
−5 0.30 −1.21
c-Mag. 0.311+0.005
−0.005 > −6 · 10
−4 0.676+0.004
−0.004 > −2 · 10
−4 0.27 −1.32
c-CPL 0.311+0.005
−0.005 > −6 · 10
−4 0.676+0.004
−0.004 < 0.002 0.29 −1.23
Table V. Cosmological plus information priors. CPL case.
id. Ωm Ωk h n w0 w1 B
i
CPL lnB
i
CPL
CPL
no Ωk 0.302
+0.006
−0.006 0 0.689
+0.006
−0.006 − −1.15
+0.09
−0.08 0.35
+0.29
−0.32 1 0
Ωk 0.302
+0.006
−0.006 −0.003
+0.004
−0.003 0.689
+0.006
−0.006 − −1.11
+0.11
−0.11 0.07
+0.52
−0.61 0.75 −0.29
Barrow & Magueijo
c-cl. 0.302+0.006
−0.006 −0.002
+0.003
−0.003 0.688
+0.006
−0.006 > −2 · 10
−4 −1.12+0.11
−0.12 −0.02
+0.70
−0.63 0.38 −0.95
c-Mag. 0.302+0.006
−0.006 −0.002
+0.005
−0.003 0.688
+0.006
−0.006 > −5 · 10
−4 −1.14+0.13
−0.12 0.07
+0.67
−0.68 0.36 −1.02
c-CPL 0.304+0.007
−0.006 0.003
+0.007
−0.004 0.689
+0.007
−0.006 < 0.009 −1.27
+0.08
−0.08 0.86
+0.40
−0.28 0.25 −1.37
Avelino & Martins
c-cl. 0.326+0.014
−0.013 0.005
+0.005
−0.005 0.693
+0.006
−0.006 −0.003
+0.001
−0.002 −1.04
+0.13
−0.12 −0.44
+0.65
−0.82 1.44 0.36
c-Mag. 0.326+0.014
−0.013 0.005
+0.005
−0.005 0.693
+0.006
−0.006 −0.006
+0.003
−0.003 −1.05
+0.13
−0.12 −0.38
+0.66
−0.78 1.39 0.33
c-CPL 0.326+0.015
−0.013 0.004
+0.005
−0.005 0.693
+0.006
−0.006 0.022
+0.011
−0.010 −1.04
+0.14
−0.12 −0.54
+0.67
−0.84 1.65 0.50
Moffat
c-cl. 0.303+0.006
−0.006 > −3 · 10
−4 0.688+0.006
−0.006 0.006
+0.004
−0.003 −1.08
+0.11
−0.10 −0.21
+0.47
−0.57 0.43 −0.85
c-Mag. 0.303+0.006
−0.006 −0.003
+0.002
−0.002 0.688
+0.006
−0.006 > −6 · 10
−4 −1.08+0.10
−0.09 −0.23
+0.42
−0.52 0.42 −0.86
c-CPL 0.303+0.006
−0.006 0.003
+0.004
−0.003 0.689
+0.006
−0.006 < 0.007 −1.27
+0.09
−0.10 0.81
+0.36
−0.25 0.31 −1.17
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Table VI. Cosmological plus entropy priors. ΛCDM case.
id. Ωm Ωk h n B
i
ΛCDM lnB
i
ΛCDM
ΛCDM
no Ωk 0.309
+0.005
−0.005 0 0.679
+0.004
−0.004 − 1 0
Ωk 0.309
+0.005
−0.005 0.0008
+0.0017
−0.0016 0.681
+0.005
−0.005 − 0.79 −0.24
Avelino & Martins
c-cl. 0.303+0.007
−0.008 −0.002
+0.002
−0.003 0.680
+0.005
−0.005 < 1.2 · 10
−3 0.42 −0.88
c-Mag. 0.303+0.007
−0.008 −0.002
+0.002
−0.003 0.679
+0.005
−0.005 < 2.4 · 10
−3 0.43 −0.86
c-CPL 0.302+0.007
−0.008 −0.002
+0.002
−0.003 0.680
+0.005
−0.005 > −3.7 · 10
−3 0.45 −0.81
Moffat
c-CPL 0.304+0.006
−0.006 > −6.7 · 10
−4 0.684+0.006
−0.006 0.003
+0.001
−0.001 3.28 1.19
Table VII. Cosmological plus entropy priors. CPL case.
id. Ωm Ωk h n w0 w1 B
i
CPL lnB
i
CPL
CPL
no Ωk 0.302
+0.006
−0.006 0 0.689
+0.006
−0.006 − −1.15
+0.09
−0.08 0.35
+0.29
−0.32 1 0
Ωk 0.302
+0.006
−0.006 −0.003
+0.004
−0.003 0.689
+0.006
−0.006 − −1.11
+0.11
−0.11 0.07
+0.52
−0.61 0.75 −0.29
Barrow & Magueijo
c-cl. 0.303+0.006
−0.005 −0.004
+0.003
−0.004 0.697
+0.006
−0.007 0.004
+0.002
−0.001 −1.11
+0.07
−0.08 0.71
+0.15
−0.12 5.43 1.69
Avelino & Martins
c-cl. 0.296+0.008
−0.008 −0.004
+0.004
−0.004 0.687
+0.006
−0.006 < 0.001 −1.13
+0.11
−0.09 0.21
+0.46
−0.57 0.37 −1.01
c-Mag. 0.296+0.007
−0.008 −0.004
+0.005
−0.004 0.688
+0.006
−0.006 < 0.002 −1.13
+0.11
−0.10 0.19
+0.53
−0.62 0.39 −0.95
c-CPL 0.297+0.007
−0.008 −0.004
+0.004
−0.004 0.688
+0.006
−0.006 > −0.003 −1.12
+0.10
−0.10 0.22
+0.47
−0.56 0.43 −0.84
Moffat
c-CPL 0.302+0.006
−0.005 > −0.001 0.689
+0.006
−0.006 < 0.002 −1.12
+0.18
−0.17 0.15
+0.58
−0.81 0.72 −0.33
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